Why is it difficult to refold a previously folded sheet of paper? We show that even crease patterns with only one designed folding motion inevitably contain an exponential number of 'distractor' folding branches accessible from a bifurcation at the flat state. Consequently, refolding a sheet requires finding the ground state in a glassy energy landscape with an exponential number of other attractors of higher energy, much like in models of protein folding (Levinthal's paradox) and other NP-hard satisfiability (SAT) problems. As in these problems, we find that refolding a sheet requires actuation at multiple carefully chosen creases. We show that seeding successful folding in this way can be understood in terms of sub-patterns that fold when cut out ('folding islands'). Besides providing guidelines for the placement of active hinges in origami applications, our results point to fundamental limits on the programmability of energy landscapes in sheets.
INTRODUCTION
Single degree of freedom mechanical structures are attractive in a range of fields as almost any force will actuate that specific designed mode. Much like an umbrella or a folding chair, such 'self-folding' structures can be reliably deployed even in uncertain environments with unreliable actuation forces. This principle has found wide use in kinetic or deployable architecture, heart stents, MEMS, sensors and robots on a range of length scales [1] [2] [3] [4] ; recently, self-folding origami has become a popular framework for such applications [5] [6] [7] [8] [9] [10] .
The self-folding approach is similar in spirit to other bottom-up methods such as self-assembly of particles [11] and self-folding of polymers [12] ; these methods exploit careful programming of interactions to allow for careless actuation at deployment. However, in these other self-actuating frameworks, the interactions needed for the desired assembly or folding inevitably create many other 'distractor' states (e.g., kinetic traps in self-assembly [13] [14] [15] or in protein folding [12, 16, 17] ), necessitating more care at deployment than one would naively expect.
Here, we show that folding self-folding origami (a thin sheet pre-creased to allow only a single folding motion) is difficult because of a similar inevitable proliferation of distractor folding branches. The distractor branches, shown schematically in Fig. 1 , meet at a bifurcation at the flat state but are dead-ends since they are of zero energy only to linear order. The number of distractors grows exponentially with the boundary length of the sheet and consequently, most spatial distributions of folding forces will actuate a distractor, as shown in Fig. 1c,d . As a result, despite having only one extended degree of freedom, self-folding crease patterns require multiple actuators placed at carefully chosen spatial locations for successful actuation.
We trace the origin of distractors to frustrated loops of vertices, each of which can fold along one of two branches. Such frustrated loops create a glassy energy landscape for the sheet around the flat state with an exponential number of local minima corresponding to the distractors.
Successful folding must be seeded by actuation at a critical set of creases that picks out the ground state of the glassy landscape, much like with protein folding [17] [18] [19] [20] and other satisfiability problems [21] . We find that the spatial arrangement of actuators needed can be understood heuristically in terms of unfrustrated 'folding islands', the largest sub-pattern containing a given actuated crease that will fold when cut out of the full pattern.
Our results show the limits of programmability of energy landscapes for self-folding sheets, paralleling similar limitations due to undesired but inevitable traps in other bottom up approaches like self-assembly [11] and self-folding polymers [12] . Besides the theoretical significance, our results provide a practical means of understanding where to place active creases; e.g., in hydrogels or shape memory alloys, one must choose the active hinges; our theory predicts which combination of hinges would be successful and even predicts that sometimes, adding a new active crease (aiding in the right direction) to an existing successful actuation can in fact prevent folding.
Our results on glassiness and the difficulty of physically folding origami superficially resembles earlier works, such as Bern and Hayes' classic result on NP-hardness of flat-foldability [22] and others [23] [24] [25] [26] . However, Bern and Hayes focused on the ordering of folds in multistage folding, also investigated later in [27] [28] [29] . Here, we focus on self-folding sheets with a single temporal stage. More critically, many earlier works [22, 25] concern the computational difficulty in finding a consistent global Mountain-Valley assignments (e.g., 'forcing sets' [23, 24] ), while our work concerns whether the physics of folding can find a desired global Mountain-Valley assignment, taking into account physical effects such as mechanical advantage and energy landscapes that play no role in these earlier works. A recent work [30] considers similar actuation questions for single vertices and quads; in contrast, we use an energy model and focus on statistical results for large quad meshes with an exponential number of distractors. 
FIG. 1. (a)
Structures designed with only one folding motion ('mechanisms') are thought to be easy to control since any applied force not exactly perpendicular to that motion will actuate it. (b) However, if a mechanism has a branched degree of freedom (bifurcation), the applied force (green) must make a smaller angle with the desired branch than with the undesired branch. (c) We show that programming a stiff sheet with one folding motion inevitably creates an exponential number of other dead-end 'distractor' branches that are of zero energy only to linear order. The applied force needs to be highly aligned with the desired folding motion in order to avoid the distractors. (d) Consequently, we must actuate multiple creases in a carefully selected combination (green) to successfully fold a self-folding crease pattern.
RESULTS

4-vertex and chains of 4-vertices
When a vertex with n creases is folded, the n dihedral fold angles ρ i , i = 1, . . . , n are related by 3 equations [31] . Thus n-valent vertices with n ≤ 3 will be completely rigid, while vertices with n ≥ 5 have multiple degrees of freedom. 4-vertices are of special interest as they have precisely one degree of freedom.
However, a crucial caveat to this Maxwell counting is that only 2 of the 3 vertex equations are independent when the vertex is laid out flat [30] (i.e., unfolded). Consequently, it was shown [32] that a generic 4-vertex has two distinct folding branches that meet at a bifurcation at the flat state. See Fig. 2 .
To see this quantitatively, we follow Tachi's use of rotation matrices [33, 34] to derive three constraint equations T a ( ρ, θ) = 0, a = 1, 2, 3 associated with the vertex where ρ are the fold angles at creases and θ are the in-plane angles between creases (see Supplementary Information). We expand the constraints T a in a series in ρ i about the flat state ρ = 0 as T a ( ρ) = C Since the odd-one-out crease and its transverse crease tend to fold less than the other crease pair, the odd-one-out crease is generally adjacent to the actuated crease. (c) When N vertices are linked together into an open-ended chain, the chain can fold in 2 N different folding branches. Given an actuated crease, the resulting MV data can be predicted by applying the branch selection rule of (b) to vertices in sequence, as each successive vertex is actuated through the crease linking it to the prior vertex.
are violated by a configuration, so T a ( ρ) = 0, the faces of the vertex will bend to accommodate the required crease folding; we can associate an energy,
with these face-bent configurations (see Supplementary Information for more details on the energy model).
The energy of a general configuration (Eq. 1) scales as ||ρ|| 2 . However, C i a has rank 2, giving a two dimensional space of zero modes in the linear approximation about the flat state ρ = 0. The energy scales as ||ρ|| 4 for folding modes in this linearized null space. Fig. 2a shows the energy for folding modes within the linearized null space as we fold to larger angles. We see that two special folding branches within the linearized null space have zero energy to all orders. Thus, a generic 4-vertex has a full 2d vector space of zero modes at the flat state in a linear approximation, but only two 1d branches of zero energy upon non-zero folding. This is consistent with Maxwell counting, as one constraint is redundant at, but only at, the flat state.
The two folding branches differ qualitatively in the sign of their fold angles. Both branches satisfy the follow- 3 branches are no longer of zero energy. For example, if vertices V1, V2, V3 are at one of their two zero energy states (red dots), V4's folding state is completely determined because the folding state of creases V1 − V4 and V3 − V4 are already set. The resulting energy of V4 may not be zero (red dot for E4). (b) To visualize the energy landscape of the pattern as a whole, we went through all possible folding angles within the linearized null-space; we find a glassy energy landscape for the crease pattern at fixed norm ||ρ|| of the crease folding angles ρ (a 2-dim projection is shown). One select minimum is of zero (or particularly low) energy if the geometry of the crease pattern had been designed to exhibit such a folding branch. Successful folding in the desired branch requires initiating folding in the narrow attractor basin of that minimum.
ing rule [35, 36] ; three of the four creases must fold in a common orientation (say, 'Valley' fold) with the final 'odd-one-out' crease folding the other way ('Mountain' fold). The final odd-one-out crease can be either one of the two creases whose neighboring angles add to less than π; see Fig.2a . This discrete choice gives rise to the two branches. Note that the two creases capable of being the odd-one-out are always adjacent.
Branch selection through mechanical advantage
When external folding torques τ i , 1 = 1 . . . 4 are applied to the creases of a 4-vertex and released, the vertex will relax into one of the two branches (see Fig. 2a ) with corresponding folding angles ρ α , α = 1, 2. In the linear regime || ρ|| 1, using our model of energy in Eqn.1, we find that computing the normalized dot product between the applied vector of torques (henceforth 'applied force') τ and the folding angles ρ α of the two branches identifies the actuated branch; the vertex will relax into the branch with higher dot product τ · ρ α /|| τ |||| ρ α ||. This rule is equivalent to selection based on mechanical advantage; when only one crease is actuated, the vertex folds into the branch in which that crease's folding is larger relative to other creases (i.e., contributes more to the norm || ρ α ||).
Our mechanical advantage rule is based on a model energy landscape where the angular bisector of the two branches separates their attractor basins. In real material vertices, the dividing line between the attractors might be closer to one branch than the other; such complications do not change our results qualitatively. In contrast, a recent work [30] assumed that actuation might fail if the applied force has a positive dot product with any other available branch. In such a model, even applied forces perfectly aligned with a branch may be classified as incapable of evoking that branch, in contrast to energy landscape-based models.
Our mechanical advantage rule can be restated as a heuristic in terms of Mountain-Valley (MV) choices. In either folding branch, the crease with odd-one-out MV state and its transverse crease fold less than the other pair of creases that share a common MV state. (To see this intuitively, consider the limiting case in which all inplane angles are nearly 90 degrees and the vertex simply folds in half along one pair of creases with the same MV state; the other pair of creases barely fold at all.)
Combining this observation with the dot product rule, we conclude that when a single crease is actuated, the vertex will choose the branch in which the crease transverse to the control crease will fold with the same MV state. See Fig. 2b .
This branch-picking rule is easily extended to chains or trees of vertices, as long as no loops are present. If we actuate at one select crease at a vertex in this chain, we can determine the branch choice at that vertex using the above rule and thus the MV state of all creases at that vertex. Any neighboring vertex is actuated by the creases connecting them. In the absence of loops, there is only one path from the controlled vertex to any other and hence the mode-propagation rule unambiguously determines the branch choice at each vertex.
In this way, for any given actuated crease, the branch selection and propagation rule unambiguously selects one branch out of the 2 N bifurcated folding branches of an N vertex chain.
Loops of vertices create glassy energy landscapes
If 4-vertices are connected around a loop, we can no longer make an independent choice of folding branch at each of the vertices. For example, for a loop of four 4-vertices like that in Fig. 3a , we can make independent branch choices for three of the vertices -say for V 1 , V 2 and V 3 -which puts them in one of their zero energy states (red or blue points in Fig. 3a) . The final vertex's folding state is then completely determined because the state of two creases at V 4 are already determined (namely, creases V 3 − V 4 and V 4 − V 1 ). Generically, the resulting state for V 4 will not be of zero energy [37] (red dots in Fig. 3a) . We thus find that the resulting folding branch is of non-zero energy, unlike for chains of vertices.
Going through the 2 3 = 8 independent branch choices for V 1 , V 2 , V 3 (which then determine the state of V 4 ), we should expect to generically find 8 branches of non-zero energy. In fact, these folding branches are of zero energy to quadratic order but of non-zero energy at next order; i.e., the energy of these branches scale as κ i ρ 4 with κ i = 0. In contrast, κ i = 0 for all the 2 N folding branches of a chain of vertices.
To gain more intuition about these branches and their energies κ i ρ 4 , we fixed the overall folding magnitude || ρ|| for a single quad and computed the energy (∝ κ i ) as a function of the angular directions in ρ space. A twodimensional projection is shown in Fig. 3b where each branch shows up as a local minimum with depth proportional to κ i .
Thus, we find that loops of vertices have a glassy folding energy landscape, much like a spin network with frustrated loops [38] , and unlike trees or chains of spins.
A desired branch's energy can be made arbitrarily low or even zero to all orders in folding by fine-tuning inplane angles using 'loop' equations [39, 40] . While the design process can make a desired folding branch be the ground state of the landscape, it does not change the glassy attractor structure shown in Fig. 3b ; see SI for a comparison. Different actuated creases initialize the folding process in different parts of the glassy landscape; folding then involves flowing downhill to a local minimum. Hence, actuating a desired branch in such a landscape can be difficult in the presence of a multitude of distractor branches.
Large patterns -number, attractor size of distractors
Large patterns made of many 4-vertices contain many loops and the number of distractor branches grows rapidly. We generated quad meshes of random geometry made of √ A × √ A quadrilateral units, folded each quad mesh with 2000 random applied forces τ and allowed it to relax into a local energy minimum. In this way, we determined the following landscape properties:
(a) total number of distinct branches N branches for a given quad mesh grows as
with α ≈ 2.25; see Fig. 4a . Why does the number of distractor branches scale only as 2 α √ A and not 2 αA , given that each of the O(A) vertices has two distinct choices of a branch? The reduction is due to loop behavior shown in Fig. 3 . Consider making a independent choice of branch for all of the boundary vertices. As shown in Fig. 3 , once three vertices in a quad have been set, the folding state of the fourth vertex is completely determined. We can iterate this argument to determine the folding state of all the bulk vertices for any independent choice of branches along the boundary.
(b) the attractor size of each distractor branch (taken to be the fraction of random actuation forces that actuate the branch) is generally small; see Fig. 4b . The largest attractor for the 4 × 4 mesh sampled is only ≈ 17% i.e., only 17% of random torques will actuate that branch. Most branches have far smaller attractor basins (Modes with attractor size smaller than the sampling error of ∼ 2% are not shown).
The typical attractor size is expected to drop exponentially with A as 2
−α √
A since the number of attractors grows as 2 +α √
A . Simulations of a 6 × 6 lattice suggest that no mode has an attractor size exceeding 0.2%.
Actuation of large loopy patterns
How many creases need to be actuated -and which ones -to pick the desired branch in a glassy landscape with an exponential number of other minima?
To answer this question, we study a random pattern with a chosen branch, shown in Fig. 5a . Since the crease locations at which folding torques are applied can be better controlled than the precise magnitude of torque [1] in many applications, we applied folding torques of fixed O(1) magnitude to different randomly selected subsets of creases. The applied torques were always of the correct sign (Mountain or Valley) needed at that crease for the chosen branch. As seen in Fig. 5b , actuators are needed on 18 out of a total of 60 creases to even have a 50% probability of folding the pattern.
For applications where the precise torque magnitudes can be controlled in addition to location (as explored recently in [30] ), we must characterize how closely the applied vector of torques must align with the folding angles of the desired branch (see Fig.1 ). We present such results on dot products in the SI.
Requiring a large number of actuators or precise control of torque magnitudes defeats the purpose of designing a single degree of freedom mechanism; it is hard to call a system requiring such delicate control 'self-folding'.
How then can self-folding origami be folded with a minimal number of actuators? A lesson can be drawn from similar glassy landscape search problems in models of protein folding (e.g., Levinthal's paradox [17, 19, 20, 41] ) and related NP-hard satisfiability (SAT) problems [21, 42] that vary from the Traveling Salesman Problem to Sudoku [43] . A common element in these satisfiability problems is that random seeding of the search for the global minimum leads to repeated backtracking after reaching local minima, both in the context of computer algorithms (as the DPLL algorithm for k-SAT [21] ) or for physical dynamics (as in protein folding) [42] . However, careful seeding of the search -e.g., if the right boxes are filled in first in Sudoku [43] or if the right parts of the protein are folded first -can greatly reduce or even eliminate backtracking [21] before reaching the global minimum.
Correct seeding is even more critical for origami since folding is assumed to happen at 'zero temperature' (e.g., without any noise or fluctuations). As a result, the structure cannot backtrack out of a local minimum as in the case of non-zero temperature SAT problems [42] .
Folding islands
To understand the role of frustration and seeding in the origami context, note that the branch selection rule, illustrated for vertex chains in Fig. 2b , can be ambiguous when applied to loops. In the presence of loops, the MV state can be propagated from a control crease to a target vertex along multiple different paths using our mechanical advantage rule which acts to ensure that the crease from which folding has propagated and the crease transverse to it fold with the same MV state. The propagated state along different paths may not agree with each other -and critically -can disagree with the desired folding branch for the target vertex. In such a case, the resulting vertex might fold incorrectly. Thus, while a designed folding branch guarantees a globally consistent configuration of vertex branch choices (e.g., blue dots in Fig.3) , such a global configuration may be difficult to reach using the local MV propagation rule in Fig.2 from to a single actuator. Hence successfully folding along a branch for large patterns can require actuating multiple creases at the same time.
To find the number of actuators needed, we identify unfrustrated sub-patterns called 'folding islands'. We define the folding island of a crease (with respect to a desired folding branch) as the largest subset of the pattern that will fold in the desired branch, if that subset is cut out and actuated at the chosen crease. Fig. 5c shows that folding islands for different creases can vary greatly and generally do not cover the whole pattern. While folding islands can be approximately deduced using the simple MV propagation rule in Fig. 2b , the exact shape can depend on the precise in-plane angles.
These considerations suggest a heuristic necessary condition for a set of actuated creases to fold a pattern; the union of their folding islands should cover the whole pattern. If not, as in Fig. 5d , when folding reaches the boundary of a folding island, folding will jam in one of the high energy distractor branches because vertices just outside the union of islands will fold incorrectly. On the other hand, the two actuators shown in Fig. 5e , whose folding islands together cover the entire pattern, successfully fold the pattern.
Folding islands provide a new perspective on why randomly placed actuators (Fig. 5b) were poor at folding the pattern. In Fig. 5f , we went through the different actuated crease sets used in Fig. 5b and computed the area of the Union of Folding Islands (which we denote U F I, defined as the fraction of all creases belonging to the union) for each set. We see, for example, that a set of 5 actuators is 60× more likely to fold the pattern if it has U F I = 1 rather than U F I < 1. Similarly, Fig. 5g shows all the data in Fig. 5b , but plotted against U F I instead of number of actuators. Together, these results show that the union of folding islands and thus spatial placement of actuators is a much better predictor of folding success than just the number of actuators. (We do find a few cases of successful actuation e.g., at U F I = 0.8 when the folding islands cover all but a few boundary vertices). In particular, the condition U F I = 1 eliminates many spatial arrangements of actuators that are nearly guaranteed to fail.
Folding islands also shed light on a counterintuitive phenomenon shown in Fig. 5h . While the two actuators in Fig. 5e can successfully fold the pattern, adding another actuator with a very small folding island as in Fig. 5h , can stop the previously successful folding! In this case, the vertices just outside the island of the orange crease are folded incorrectly. (Such effects reduce the probability of success in Fig. 5g when U F I = 1 to be less than 1). Predicting such subtle competition between the different control creases requires knowledge of the precise in-plane angles of the pattern and we are unable to formulate a strict necessary and sufficient condition for successful folding without full pattern information. Nevertheless, identifying the folding islands provides a useful design heuristic to greatly reduce the number of actuators needed, as seen in Fig. 5f ,g.
DISCUSSION
We showed that sheets with crease patterns designed to exhibit exactly one folding behavior are nevertheless difficult to fold. We traced this difficulty to the fact that stabilizing one folding behavior using frustrated inter- actions between binary degrees of freedom (bifurcated origami vertices [31, 32] ) inevitably stabilizes an exponential number of other distractor behaviors. Thus our results establish fundamental limits on the programmability of energy landscapes for sheets, paralleling similar limitations in other bottom-up approaches such as selfassembly of particles [11] and self-folding of polymers [12] as well as classic NP-hard satisfiability (SAT) problems [21, 42] . We saw that many actuators are needed to successfully fold self-folding sheets, if their locations are randomly chosen. However, carefully choosing the set of actuated creases can reduce their number dramatically; we interpreted such successful combinations in terms of unfrustrated sub-patterns called folding islands that successfully fold when cut out of the full pattern.
Recent self-folding origami applications vary greatly in the materials used and in actuation mechanisms for active hinges, including electric [1] , optical [44] , thermal [45] and chemical (pH) [46] methods. In many applications, energy can be selectively input to specific creases, e.g., by controlling the electric current to shape-memory polymer hinges [28, 47] or light input to hydrogels [48] . Our work suggest which combinations of creases should be given energy input for successful folding, even showing how adding an actuator can ruin successful folding (Fig. 5h) . Going beyond self-folding patterns, our considerations also apply to each temporal stage of multi-stage sequential folding patterns [27] [28] [29] .
The folding difficulty described here and the resulting need for careful actuation mathematically applies only at the flat state; but since the energy barriers between branches grow more slowly with folding for a softer sheet, careful actuation needs to be maintained until a larger folding angle for soft sheets.
Recent experiments on controlled repeated crumpling and extension of sheets suggests an inability to refold along existing creases, leading to the formation of new creases [49] . While the 4-vertex patterns studied here are not good models of crumpled soft paper with significant face bending, our results do suggest that the difficulty of refolding a crease pattern, and thus the propensity to create new creases, grows with the softness of the sheet and when unfolded closer to the flat state.
